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In real life we constantly have to make decisions under uncertainty and, moreover,
we would like to make such decisions in a reasonably optimal way. I think that
everybody will agree with this statement. However, various groups of researchers are
divided in their opinion of how to achieve this goal. I would like to discuss some
recent advances in a particular approach to optimization under uncertainty which
became known as “stochastic programming”.

The idea of two-stage stochastic programming with recourse is going back to the
pioneering work of Beale [2] and Dantzig [3]. That is, an optimization problem is
divided into two stages. At the first stage one has to make a decision on the basis
of an available information. At the second stage, after a realization of the uncertain
data becomes known, an optimal second stage decision is made. Formally, such a
stochastic programming problem can be written in the form

Min
x∈X

{
f(x) := EP [F (x, ξ)]

}
, (1)

where X is a feasible set of first stage decision variables, F (x, ξ) is the optimal value of
the corresponding second stage optimization problem depending on the random vector
(data) ξ having probability distribution P . There are several natural questions which
come to mind with respect to the above formulation.

(i) How do we know the probability distribution P? In some cases one has histori-
cal data which can be used to obtain a reasonably accurate estimate of the correspond-
ing probability distribution. However, this happens in rather specific situations and
typically the probability distribution cannot be accurately estimated. Even worse, in
many cases one deals with scenarios (i.e., possible realizations of the random data)
with the associated probabilities assigned by a subjective judgment.
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(ii) Why, at the first stage, we optimize the expected value of the second stage
optimization problem? If the optimization procedure is repeated many times, with
the same probability distribution of the data, then it could be argued by employing
the Law of Large Numbers that this gives an optimal decision on average. However,
if in the process, because of the variability of the data one looses all its capital, it
does not help that the decisions were optimal on average.

(iii) How difficult is it to solve the stochastic programming problem (1)? Eval-
uation of the expected value function f(x) involves calculation of the corresponding
multivariate integrals. Only in rather specific cases it can be done analytically. There-
fore, typically, one employs a finite discretization of the random data which allows to
write the expectation in a form of summation. Note, however, that if random vector ξ
has m elements each with just 3 possible realizations independent of each other, then
the total number of scenarios is 3m, i.e., the number of scenarios grows exponentially
fast with dimension m of the data vector.

(iv) Finally, what can be said about multi-stage stochastic programming, when
decisions are made in several stages based on available information at the time of
decisions?

It turns out that there is a close relation between the above questions (i) and
(ii). One can consider a plausible family A of probability distributions of the random
data vector ξ, and consequently to formulate the “worst-case-distribution” min-max
problem

Min
x∈X

{
f(x) := sup

P∈A
EP [F (x, ξ)]

}
. (2)

The worst-case approach to decision analysis, of course, is not new. In stochastic
programming it was already discussed in Žáčková [15] almost 40 years ago.

On the other hand one can optimize a weighted sum of the expected value and a
term representing variability of the second stage objective function. For example, we
can can try to minimize

f(x) := E[F (x, ξ)] + cVar[F (x, ξ)], (3)

where c ≥ 0 is a chosen constant. This approach is going back to Markowitz [7]. The
additional (variance) term in (3) can be viewed as a risk measure of the second stage
(optimal) outcome. It could be noted, however, that adding the variance term may de-
stroy convexity of the function f(·) even if F (·, ξ) is convex for all realizations of ξ. An
axiomatic approach to a mathematical theory of risk measures was suggested recently
by Artzner et al. [1]. That is, value of a random variable Z is measured by a function
ρ(Z) satisfying certain axioms. An example of such function ρ(Z), called coherent risk

measure, is the mean-semideviation ρ(Z) := E[Z] + c
{
E
([
Z − E[Z]

]2
+

)}1/2

, where

c ∈ [0, 1]. It turns out that ρ(Z) is a coherent risk measure if and only if it can be

2



represented in the form ρ(Z) = supP∈A EP [Z], where A is a set of probability mea-
sures. In different frameworks this dual representation was derived in [1],[4],[8],[9].
Therefore, the min-max problem (2) and the problem of minimization of a coherent
risk measure, of F (x, ξ), in fact are equivalent. We refer to Ruszczyński and Shapiro
[9] for a detail discussion of that theory, and to Ruszczyński and Shapiro [10] for an
extension to a multi-stage setting.

In relation to question (iii), a significant progress in our understanding of com-
plexity of two-stage stochastic programming problems was achieved in the last few
years. It was shown theoretically and verified numerically that two-stage problems,
with an astronomically large number of scenarios, can be solved efficiently by Monte
Carlo sampling methods with a proven accuracy and in some cases even exactly. We
refer to Shapiro [13] for a survey of theoretical developments and to [5],[6],[11],[14]
for numerical experiments. On the other hand little is known about computational
complexity of multi-stage stochastic programming problems. Some difficulties in ex-
tending Monte Carlo sampling methodology from two to multi-stage programming
are discussed in Shapiro [12]. This certainly requires a further investigation.
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